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Non-trivial Topological Phases on the Stuffed Honeycomb Lattice
Arghya Sil1, ∗ and Asim Kumar Ghosh1, †
1Department of Physics, Jadavpur University, 188 Raja Subodh Chandra Mallik Road, Kolkata 700032, India
The existence of non-trivial topological phases are found in a tight binding model on the stuffed
honeycomb lattice. The model contains nearest neighbour and next nearest neighbour hopping terms
coupled with an additional phase whose sign depends on the direction of hopping. Chern insulating
and semi-metallic phases are found to emerge with the change of hopping parameters. Non-zero
Chern numbers characterizing the bands and the existence of topologically protected edge states
in the gap between the relevant bands confirm the presence of those phases. Transition between
those two topological phases driven by the hopping parameter is also studied. Zero temperature
Hall conductivity along with density of states is also evaluated.
PACS numbers:
I. INTRODUCTION
Investigation of non-trivial topological phases on var-
ious two dimensional lattice models has been increased
many-fold in recent times. Motivation behind these stud-
ies in fact lies in search of novel topological phases within
new tight-binding models. These models are primarily
characterized by a set of peculiar energy bands those are
separated by bulk energy gap but at the same time they
are joined by quasi-continuous edge state energies. These
are known as topological insulators (TI) which is distin-
guished by a topologically invariant integral number such
as Chern number (Cn)
1, Z2 invariant
2 etc.
It is established that emergence of topological phases is
the handiwork of specific phase factors which are induced
into the tight-binding models through the hopping terms.
Effect of those phase factors is studied technically in
terms of appropriate gauge fields. In case of multipartite
lattices this phase factor appears in the momentum space
representation of the Hamiltonian, which is induced by
the hopping between different sublattices. For examples,
it arises in the one-dimensional bipartite Su-Schrieffer-
Hegger model3 only through the nearest neighbour (NN)
hopping between two different sublattices. In this case,
it depends on the Bloch wave vector, k. For the two-
dimensional bipartite honeycomb lattice, an additional
phase coupled with the next-nearest-neighbour (NNN)
hopping between the same sublattice plays the crucial
role to give rise to the non-trivial topological phases4.
Here, the sign of this phase factor depends on the direc-
tion of hopping which is assumed opposite for the two
different sublattices. The net flux passing through a unit
cell due to this gauge field is zero. The resulting Hamilto-
nians in the two cases break the Time Reversal Symmetry
(TRS) due to the presence of this phase factor for which
the topological energy bands are characterized by Cn. In
other words, this phase factor drives this system into an
Integer Quantum Hall Effect (IQHE) regime.
On the other hand, Z2 topological phase appears in the
honeycomb lattice in the presence of spin-orbit coupled
(SOC) hopping in which the resulting Hamiltonian does
not break the TRS2. Here, the system is characterized
by Z2 invariant numbers. However, if the Hamiltonian
commutes with the z-component of spin operator, Sz,
then the Hamiltonians for up and down spins break the
TRS separately. In this case, resulting energy bands are
characterized by the spin-Chern numbers.
In case of trivial insulators, value of topological in-
variant number is zero, while there is non-zero values of
that in case of TI. For example, there is non-zero Cn
for Chern insulators. Also the number of edge states are
proportional to the value of Cn, which, in other words,
is known as the ’bulk-boundary correspondence’5. Due
to this correspondence, the edge states become topolog-
ically protected, when they appear in a strip geometry.
Thus, topological invariants are helpful for the classifica-
tion of the topological phases of a system. A brief review
on various TIs is available in the article6.
Although the Chern insulating phase appears in the
TRS breaking Hamiltonians, the converse is not true.
Which means that all TRS breaking Hamiltonians do not
give rise to non-trivial topological phase. So, several at-
tempts have been made in search of this phase in a num-
ber of multi-band systems. A number of two-dimensional
lattices with non-trivial topological phase have been
found and they are Lieb7, kagome8, checkerboard9,
square octagon10, dice11,12, star lattice13, etc. In ad-
dition, different topological flat-band models have also
been proposed, where Fractional Quantum Hall Effect
(FQHE) can be realized as those flat-bands carry non-
zero Chern number14.
Recently, non-trivial bands have been realized in
optical lattices of ultracold atoms15, by tuning the
strengths of both NN and NNN hopping amplitudes16
and thus realization of artificial gauge field has been
made possible17,18. This has opened a new path of ob-
taining Chern insulator by varying the hopping parame-
ters of the model tight-binding Hamiltonian in different
lattice geometry19–21.
In this work, a three-band tight-binding model is for-
mulated on the stuffed honeycomb lattice22 in the pres-
ence of NN and NNN hopping terms. An additional
phase coupled with NNN hopping has been considered
to induce non-triviality in the otherwise trivial system.
The sign of this phase depends on the direction on hop-
2ping. This phase breaks the TRS in the momentum space
representation of the Hamiltonian. Also, the net flux of
the gauge field passing through a unit cell is zero. The
plan of the paper is as follows. In section II, stuffed hon-
eycomb lattice is described and the tight-binding Hamil-
tonian is formulated. In section III, behaviour of the
relevant physical quantities to study topological proper-
ties is presented. Section IV contains discussion on the
results.
II. STUFFED HONEYCOMB LATTICE AND
FORMULATION OF HAMILTONIAN
Stuffed honeycomb lattice originates as a result of cou-
pling between one honeycomb lattice and one triangular
lattice which is shown in Fig. 1(a). The non-Bravais
honeycomb lattice is composed of two triangular lattices
with site indices A and B, while the site index of the
additional triangular lattice is C. So, essentially it is tri-
partite and composed of three interpenetrating identical
triangular lattices. The resulting lattice is decomposed
in this manner to define the hopping parameters for this
tight-binding model in a comfortable way. We consider
three different species of spinless fermions each for three
sublattices to introduce the Hamiltonian
H = −
∑
〈ij〉
(
t1 A
†
iBj + t2 (A
†
iCj +B
†
iCj) +H.c
)
−
∑
〈〈ij〉〉
(
tij e
iφij (Ai
†Aj +Bi
†Bj + Ci
†Cj) +H.c
)
+
∑
i
ǫi
(
Ai
†Ai +Bi
†Bi + Ci
†Ci
)
, (1)
where i is the site index. 〈·〉 and 〈〈·〉〉 indicate the sum-
mations over NN and NNN pairs. αi
†(α = A,B,C) is
the fermion creation operator at site i. t1 is the intra-
honeycomb NN hopping amplitude and t2 is the NN hop-
ping amplitude between the honeycomb and triangular
sublattices (Fig. 1(a)). tij is the NNN hopping ampli-
tude irrespective of sublattices but tij = t3(−t3) for solid
(dashed) lines as shown in Fig. 1(b). The direction of
the phases φij = π/2 is indicated by the arrow in Fig.
1(b). ǫi is the onsite energy.
This model will become the honeycomb one when
both t2 and t3 across the C-C bonds vanish. Simi-
larly, it interpolates separately to triangular and dice
lattices at t2=t1 and at t2=∞, respectively22. The
unit cell is defined by the primitive vectors a1 =√
3 (0, 1) and a2 =
√
3
(√
3/2,−1/2), where the NN
distance is taken to be unity. NN sites are connected
by the vectors δ1, δ2 and δ3 where δ1 = (1, 0) =
1/3 (a1 + 2a2) , δ2 =
(−1/2,√3/2) = 1/3 (a1 − a2) and
δ3 =
(−1/2,−√3/2) = −1/3 (2a1 + a2). All those
vectors are shown in Fig. 1(a). The corresponding
reciprocal lattice vectors are b1 =
(
2π/3, 2π/
√
3
)
and
b2 = (4π/3, 0) which span the hexagonal Brillouin zone.
Hamiltonian in the momentum space is written by in-
voking periodic boundary conditions along both a1 and
a2 directions,
H (k) =
∑
k
ψk
†h (k)ψk (2)
where k = (kx, ky), ψk = (Ak, Bk, Ck) is a 3-component
spinor and h(k) is a 3 × 3 matrix. This h(k) can be
expressed in terms of eight Gell-Mann matrices, λi as
h (k) =
∑
i
hiλi + aI3, (3)
with
h1 = t1
[
cos
(
k1 + 2k2
3
)
+ cos
(
k1 − k2
3
)
+ cos
(
2k1 + k2
3
)]
,
h2 = −t1
[
sin
(
k1 + 2k2
3
)
+ sin
(
k1 − k2
3
)
− sin
(
2k1 + k2
3
)]
,
h3 = 2t3
[
cos (k1 + π/2) + cos (k2 + π/2)
+ cos (k1 + k2 + π/2)
]
,
h4 = h1
(
t2
t1
)
= h6,
h5 = −h2
(
t2
t1
)
= −h7,
h8 = − 4
2
√
3
t3
[
cos (k1 + π/2) + cos (k2 + π/2)
+ cos (k1 + k2 + π/2)
]
+
√
3ǫ,
a =
2
3
t3
[
cos (k1 + π/2) + cos (k2 + π/2)
+ cos (k1 + k2 + π/2)
]
,
(4)
where I3 is the 3×3 identity matrix, k1 = k·a1 =
√
3ky
and k2 = k · a2 = 3/2kx −
√
3/2ky. λi are shown in the
Appendix A. We have written the Hamiltonian matrix in
terms of k1 and k2 for ease of calculation. Evidently, TRS
is broken by the phase φij = π/2. Hopping parameters
t2 and t3 as well as ǫi are measured with respect to t1.
The value of ǫi is ǫ (−2ǫ) for honeycomb (triangular)
sublattice. This special distribution of values of ǫi is
necessary to open up gaps between the otherwise gapless
energy bands. The dispersion relations are shown in Fig.
2 (a) and (b) for two sets of (t2, t3, ǫ) where non-trivial
Chern numbers are found.
III. TOPOLOGICAL PROPERTIES
In order to study the topological properties, Chern
numbers, Hall conductance at zero temperature (σH) and
edge states of this model have been calculated.
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1B C
A
a
a2
PSfrag replacements
δ1
δ2
δ3
a1
a2
B C
(b)
A
FIG. 1: (a) NN interactions are shown. Hopping amplitude
is t1 along the solid lines and t2 along dashed lines. Lattice
vectors are shown as a1 and a2. Three types of lattice sites
A,B,C are drawn as red, green and blue spheres, respectively.
δ1, δ2, δ3 are the three NN vectors. (b) NNN interactions are
shown. Hopping amplitude is t3 along the solid lines and
−t3 along dashed lines. Sign of the phase is assumed positive
when hopping is along the direction of arrow and otherwise
negative.
A. Chern Numbers and Topological Phase
Transition
In the beginning, we calculate Cn of the three bands to
characterize the topological phases of this system. Cn is
defined as the integration of the Berry curvature Ωn(k)
over the first Brillouin zone (1BZ), i.e.,
Cn =
1
2π
∫
1BZ
d2k · Ωn (k) , (5)
where Ωn (k) = −i (〈∂1un,k|∂2un,k〉 − 〈∂2un,k|∂1un,k〉).
Here |un,k〉 are the eigenvectors of H(k) and ∂i = ∂∂ki .
Cn is well-defined for a particular band as long as it does
not touch other neighbouring bands i.e., the eigenvalues
En(k) are not degenerate for any fixed k. In our numer-
ical calculation, we use the discretized version of Eq. 5
introduced by Fukui and others23.
In this model, the presence of TRS breaking NNN
phase, φij gives rise to the non-vanishing Chern number,
since the TRS invariant Hamiltonian leads to Ωn(k) =
−Ωn(−k) resulting to Cn = 0. Evolution of both the
dispersion relation and the topological phases is studied
in a space spanned by the three parameters t2, t3 and
ǫ. The value of Cn does not change sign if the sign of
t2 is reversed. However, Cn is found to change its sign
separately when t3 or φij do change their sign.
Let us now explain the evolution of topological phases
along definite lines in this three-dimensional parameter
space. At first, ǫ and t3 are kept fixed at 6.0 and 2.0,
respectively, while t2 is allowed to vary. For t2 = 0, the
two lower bands touch each other so that Chern numbers
are ill-defined. As soon as t2 becomes greater than 0.0,
a pseudo-gap is opened up between the two lower bands
and it remains so upto t2 < 1.3. This pseudo-gap be-
comes a true gap when t2 > 1.3. Along this line, there is
-2
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FIG. 2: Dispersion relation for (a) t2=0.8, t3=0.5, ǫ=3.0 and
(b) t2=6.0, t3=2.0, ǫ=6.0. t1 is taken to be unity. The Chern
numbers of the respective bands are specified.
always a true gap between the two upper bands as long
as 0.0 < t2 < 4.3. Chern numbers are defined in these
pseudo-gapped regions because of the fact that although
the Fermi energy partially crosses one or more bands, no
bands are found to touch each other. On the other hand,
Fermi energy never crosses any band where true band gap
exists. Pseudo-gapped phase is known as Chern semi-
metallic phase, whereas the true gapped phase is known
as Chern insulating phase. Thus, non-trivial topologi-
cal phases appear over this line when 0.0 < t2 < 4.3,
which is characterized by the value of Cn = (0,−1, 1).
Two upper bands touch each other at t2 = 4.3 where the
system undergoes a topological phase transition. The
closing of band gap at the transition point is essential to
ensure the topological phase transition5. A new topolog-
ical phase characterized by Cn = (0, 2,−2) thus appears
when t2 > 4.3. Upon further increasing t2, no new topo-
logical phase is found to emerge.
In the same way, let us explore the evolution of topolog-
ical phases along another line by keeping t2 and ǫ fixed
at 0.5 and 3.0, respectively. Although the spectrum is
gapped at t3 = 0.0, but the phase is trivial since all the
4Chern numbers are zero. As soon as t3 becomes non-
zero, a non-trivial phase with Cn = (0,−1, 1) appears
but the system exhibits true band gaps upto t3 = 1.0.
Afterwards, a pseudo gap develops between the two lower
bands. This semi-metallic phase persists upto t3 = 2.0.
For t3 > 2.0, the upper band-gap closes and the system
becomes trivial. No new topological phase is found to
emerge further along this line.
Similarly, examining along many other lines in the pa-
rameter space, it is observed that only two different kinds
of topological phases characterized by Cn = (0,−1, 1)
and Cn = (0, 2, 2) are present in this system. In every
case, Chern number for the lowest band is zero.
It must be noted that, although the lower band be-
comes nearly flat when the values of both t2 and t3 are
very small, the system is not a potential candidate for
FQHE states as this band always bears zero Chern num-
ber.
B. Hall conductance at zero temperature
At zero temperature, σH(E) is estimated numerically
by using the Kubo formula1
σH(E)=
ie2~
A0
∑
Em<E<En
〈m|vx|n〉〈n|vy |m〉−〈m|vy|n〉〈n|vx|m〉
(Em − En)2 ,
(6)
where |l〉 = |ul,k〉 , Hk |l〉 = El |l〉 and l = m,n. A0 is the
area of the system and E is the Fermi energy. The ve-
locity operator, vα = (1/i~)[α,H ] where α = x, y. When
E falls in one of the energy gaps, the contribution to σH
by the completely filled bands is given by
σH (E) =
e2
h
∑
En<E
Cn, (7)
where upto n-th band is completely filled. In this situa-
tion, σH(E) always assumes an integral value.
σH(E) along with the density of states (DOS) are
plotted against Fermi energy in Fig 3 for two differ-
ent sets of parameters where two distinct topological
phases are observed. DOS is useful to locate the gap in
the band diagram where σH(E) always exhibits a Hall
plateau. The height of a Hall plateau can be deter-
mined by using the Eq 7. Two prominent Hall plateaus
at σH = n(e
2/h) with n = (0,−1) are observed in Fig
3(a), which corresponds to the topological phase having
Cn = (0,−1, 1). Similarly, in Fig 3(b) two Hall plateaus
exist for σH = n(e
2/h) with n = (0, 2), but the second
one is not prominent in the figure since the band gap
is very narrow in this case. This characteristic corre-
sponds to the topological phase having Cn = (0, 2,−2).
Band gaps are identified by the shaded regions which
hold these Hall plateaus. According to Eq 7, the value of
σH(E) over any Hall plateau becomes equal to the sum
of all Chern numbers carried by the bands having energy
lower than it. So, the sign of σH(E) be either positive
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FIG. 3: The Hall conductance σH (red line) and DOS (blue
line) with respect to the Fermi energy E for (a) t2 = 0.8, t3 =
0.5, ǫ = 3.0 and (b) t2 = 6.0, t3 = 2.0, ǫ = 6.0. The shaded
regions are showing the band-gaps.
or negative depending on the distribution of Cn over the
energy bands. Also, width of the band gap equals to that
of the plateau. DOS exhibits sharp peaks around the en-
ergies where σH(E) undergoes sharp rise and fall. As a
result four sharp peaks in DOS are found in Fig 3(a).
Another sharp peak in DOS at the lowest energy corre-
sponds to the van Hove singularity in the band diagram.
C. Edge States
Among the topological properties, Chern number is
recognized as the bulk property of the system on the
other hand edge states correspond to the surface prop-
erty. However, the presence of non-zero Chern number
leaves signature by generating edge states. To study the
properties of edge states in case of non-trivial Chern num-
ber, boundary lines or edges are created by removing the
periodic boundary condition along a2 axis, such that, k2
is no longer a good quantum number for this finite sys-
tem. But the periodic boundary condition along a1 is
there, so that k1 acts as a good quantum number like be-
fore. The resulting strip has zigzag left and right edges.
Here, a finite strip of stuffed Honeycomb lattice is con-
sidered which hasN = 100 cells i.e. 300 sites along a2 di-
rection. The 3N×3N Hamiltonian has been constructed,
which is a function of k1 by taking partial Fourier trans-
formation. Diagonalizing that Hamiltonian, The disper-
sion relation is obtained for t2 = 0.8, t3 = 0.5, ǫ = 3.0,
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FIG. 4: Edge states of the stuffed Honeycomb lattice con-
sidering zigzag edge along a2 direction are shown in red lines
for (a) t2 = 0.8, t3 = 0.5, ǫ = 3.0 with 100 cells and (b)
t2 = 6.0, t3 = 2.0, ǫ = 6.0 with 200 cells. For (b), only the
upper band-gap is shown as the energy range being very high,
lower gap containing zero edge states is not shown.
shown in Fig 4 (a), which reveals that the pattern of edge
states supports the pattern of Chern numbers (0,−1, 1)
for the relevant topological phase of the system. Sim-
ilarly, for other topological phase, Cn = (0, 2,−2), a
honeycomb structure composed of N = 200 cells along
a2 axis is considered. The dispersion relation for t2 =
6.0, t3 = 2.0, ǫ = 6.0 is shown in Fig 4 (b). To main-
tain a rich clarity in the figure, only two upper bands
containing the edge states are shown in the second case.
As the lowest band always bears zero Chern number, no
edge states are found to exist in the lower band gap for
both phases. Two pairs of edge states are found in the
upper band gap for Cn = (0, 2,−2), in contrast to one
pair of that in the upper band gap for Cn = (0,−1, 1)
phase. Those results are in accordance with the ’bulk-
boundary correspondence’ rule which states that: Sum
of the Chern number upto the i-th band
νi =
∑
j6i
Cj (8)
is equal to the number of pair of edge states in the gap24.
Thus the values of the Chern numbers can be recovered
from the edge state pattern itself.
IV. SUMMARY AND DISCUSSION
A three-band tight binding model on the stuffed hon-
eycomb lattice has been proposed where an additional
phase associated with the NNN hopping terms are found
to break the TRS by yielding a Chern insulating phase in
the presence of NN hopping. While the same phase cou-
pled with the NN hopping does not give rise to any non-
trivial topological phase although it breaks TRS. The
phase is chosen in such a way that the net flux of gauge
field per unit cell vanishes. This system exhibits two
different TI phases, Chern insulating and semi-metallic
with non-zero Chern numbers in the parameter regimes.
Also, this one undergoes quantum phase transition be-
tween the two topological phases driven by the hopping
parameters. Hall conductance exhibits prominent IQHE
plateaus. The emergence of topologically protected chiral
edge states in a strip configuration with open boundary
condition is also found when Cn 6= 0. As far as experi-
mental verification is concerned, it is expected that this
model can be realized with ultracold atoms in optical
lattice.
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Appendix A: The Gell-Mann matrices
The Gell-Mann matrices are a set of eight traceless
3 × 3 linearly independent Hermitian matrices spanning
the Lie algebra of the SU(3) group. They are given below.
λ1 =

0 1 01 0 0
0 0 0

 , λ2 =

0 −i 0i 0 0
0 0 0

 ,
λ3 =

1 0 00 −1 0
0 0 0

 , λ4 =

0 0 10 0 0
1 0 0

 ,
λ5 =

0 0 −i0 0 0
i 0 0

 , λ6 =

0 0 00 0 1
0 1 0

 ,
λ7 =

0 0 00 0 −i
0 i 0

 , λ8 = 1√
3

1 0 00 1 0
0 0 −2

 .
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